Let F be a finite field with p c elements, let A be a n×n matrix over F , and let k be a positive integer. When is it true that for all X 1 , . . . , X n ⊆ F with |X i | = k+1 and for all
Introduction
Let F be a field. We define M n×m (F ) to be the set of all n × m matrices with entries in F . Using the permanent lemma, Alon and Tarsi ( [4] ) proved that any invertible matrix over a field of characteristic p > 0 is (p, 1)-pliant. It follows from this that Jaeger's conjecture is true for all fields not of prime order. The following corollary of our main theorem strengthens this result (in particular, we prove that any such matrix is (p − 1)-pliant).
Corollary 1.3 Let F be a field of characteristic p > 0, and let
Let p be a prime. For the vector space Z A second conjecture is that we may take c(p) = p in Conjecture 1.4. It is known that the union of any (p − 1)log e (n) + p − 2 bases contains an additive basis. This was proved by Alon, Linial, and Meshulam ( [3] ) with the help of the permanent lemma.
In the last section, we will apply the main theorem to prove generalizations of Jaeger's 4-flow and 8-flow theorems (see [7] 
Matrix Choosability
In this section, we will prove our main theorem. Like the proof of the permanent lemma, our proof will require a theorem of Alon and Tarsi called the combinatorial nullstellensatz (see e.g. [1] ). 
Now, we will require a generalization of the permanent. We will let J k denote the k × k matrix of ones. Let F be a field of characteristic p, let A = (a ij ) ∈ M n×n (F ), and let k be a nonnegative integer such that either p = 0 or k < p. Then, we define:
Note that P 0 (A) = 1 and that P 1 (A) = perm(A). Throughout the rest of this section, except where noted, F will be a field of characteristic p > 0. Our main result is the following theorem:
The following corollary is a generalization of the permanent lemma of Alon for finite fields.
It follows immediately from the previous corollary, since P 0 (A) = 1 and P 1 (A) = perm(A).
where
, so by the previous corollary, we have:
Corollary 2.5 Let F be a field of characteristic 2 and let A ∈ M n×n (F ) be invertible. Then
A is k-pliant for any k ≥ 0.
We will give a proof of the following lemma in the next section.
Corollary 1.3 (restated for convenience) now follows from Corollary 2.3, since P 0 (A) = 1
and apply Theorem 2.2. This gives us a pair of sequences (α, β) such that
A is (α, β)-pliant. The corollary follows easily from the fact that α j ≤ (p − 1)p 
The proof of Theorem 2.2 also extends to fields of characteristic zero, but the results here are most interesting for n × n matrices.
Theorem 2.9 Let F be a field of characteristic zero, and let
The following corollary follows immediately from the above theorem. This corollary also has an elementary combinatorial proof.
Corollary 2.10 Let F be a field of characteristic zero, and let A ∈ M n×n (F ) be nonnegative.
Now, we will proceed with the proofs of this section. First we will prove two lemmas and then we will use these lemmas to prove the main theorem.
We define T k n to be the set of all n × n matrices with nonnegative integer entries and with the additional property that the entries in each row and column sum to k.
perm(B). Consider the terms in the expansion of perm(B).
All of the terms in this expansion are of the form a For every sequence of nonnegative integers γ = (γ 1 , . . . , γ n ), and any n × m matrix A = (a ij ), we define the polynomial
Lemma 2.12 Let F be a field of characteristic p, and let A ∈ M n×n (F ). Let k be an integer, and assume that either 
such that Ax = y. Next we define a polynomial:
Now, observe that η is not identically zero on X 1 × X 2 × . . . × X m if and only if there . By this equation, and by our hypothesis, to prove the theorem, it will suffice to prove the following claim:
Claim:
We will prove the claim by induction on t. If t = −1, we have
For the general case, let = |I t | = |J t |. For convenience, we will assume (without loss)
Now, consider the monomials in the expansion of q = i∈It (a i1
Since F is a field of characteristic p, the degree of z j in a monomial in the expansion of q will be a multiple of p t . Since
, the only monomial in the expansion of q which can contribute to the coefficient of z 
To prove our main theorem, we will need to consider another permanent-type function p(·). Matrices which evaluate to a nonzero element under p(·) are of independent interest, so we will mention a couple of conjectures concerning them.
For convenience, we will frequently use curly braces to help define our matrices. These braces will always have the obvious connotation. If A ∈ M n×(p−1)n (F ), let 
and assume that W i is invertible for 1 ≤ i ≤ p. Then there exists a n × (p − 1)n submatrix
Jeff Kahn has made the following conjecture about permanents, which would imply Conjecture 
Now, we will proceed with the proofs of this section. First, we will prove a simple lemma concerning permanents of matrices over finite fields. We will use this lemma to prove Lemma 2.6. Then, we will use Lemma 2.6 to prove a theorem which gives us a change of basis formula for p(·). Finally, we will apply this theorem to give the main result, Theorem 3.1. Throughout the rest of this section, F will always be a field of characteristic p > 0.
This lemma is a simple fact which has been observed by several authors. We include the proof here for the sake of completeness. we perform to a column is performed on all p − 1 copies of it), we have 
Otherwise, A must have one column which occurs p times, so we find 
Thus, we have:
Proof of Theorem 3.1: Let W ∈ M n×n (F ) be invertible. Then
The following corollary was first proved by G. Kogan and J.A. Makowsky ( [9] ). It is also a special case of a theorem of Yang Yu ([11] ). It follows immediately from the preceding theorem, since perm(W ) = P 1 (W ). 
Z k p Flows in Graphs
In this section, we will apply two of our corollaries to the main theorem to prove generalizations of Jaeger's 4-flow and 8-flow theorems (see [7] ). We will follow Jaeger's original proofs by constructing trees whose edge sets have empty intersection. However, instead of using these trees to route a flow, we will use them to apply a suitable corollary of our main theorem. such that x e ∈ e for all e ∈ E(G) and such that Ax = 0. Define φ(e) = x e
